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A SOLUTION OF AN INVERSE PROBLEM FOR THE WAVE
EQUATION WITH NON-LINEAR CONDITIONS IN DOMAINS
WITH MOVING BOUNDARIESY

V. S. KruTIKOV
Nikolayev

(Received 22 March 1990}

A new approach is proposed for solving problems with moving boundaries. Assuming spherical symmetry,
wave phenomena are considered in the case of a surface, of arbitrary initial radius, moving in a
compressible medium at a velocity governed by an arbitrary law. Formulas suitable for solving both the
inverse and direct problems are obtained.

ATTEMPTs to allow for the mobility of the boundaries in wave-equation situations have hitherto been confined
mainly to cases in which the boundary conditions are satisfied on the moving boundaries (the direct problem)
[1, 2]. The method used in [1] reduces such situations to an infinite system of first-order linear differential
equations. In the case considered below an additional condition is specified not at the moving boundary but at a
fixed point of the wave zone (the inverse problem), and the problem is to determine the functions of interest at
other points, including the moving boundaries. This is to be done without knowledge of the law governing the
variation of the boundaries, which is also to be determined. In addition, the additional condition may even be
non-linear.

The essence of the approach is to determine the relationship between the values of the unknown functions at
the moving boundaries and at other points taking into account the actual delays [3]. In some cases, such as a
moving cylindrical surface [4] or a penetrable spherical boundary [5], explicit formulas can be derived for the
functions.
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1. LINEAR ADDITIONAL CONDITIONS

Consider the problem

Pty — 6Py — 20919, =0, r> R (1) (1.1
¢ (r0)=09(0=0 R(@O)=nr (1.2)
PPt by, = P = [ (t — (r, — 1o)/a) (1.3)
—@r l—prey = v (1.4)

where ¢ is the time, R(t) and ry, r, r; are the coordinates of the moving boundaries, the initial and current
points of the wave zone, respectively, and a and p are constants. If conditions (1.3) are known and we have to
reconstruct the values of the unknown function ¢ and its derivatives at any other points, including the moving
boundaries, this is the inverse problem; if only conditions (1.4) are known, this is the direct problem.

Evaluating the one-sided Laplace transform to the wave equation (1.1), taking the homogeneous initial data
into account, we obtain an operator equation

Trr (ry 8) + 281G, (r,8) — a3 (r,8) = 0
whose solution is
@ (r, ) = rL[e, (s) exp (—sr/a) + ¢, (s) exp (sr/a)]

where s is the transform parameter.
Let us assume that the boundary is moving in a medium with no boundaries; in accordance with condition
(1.3), we define c(s) = f(s)r,(sp) " 'exp(sro/a). Then the solution of the wave equation can be written as

T (r5)
r
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Returning to source functions, we obtain the required functions taking the real-time delays into account.
The values of the functions at any points are
t
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0
Calculations with formulas (1.6), when inverse problems are being dealt with, require a knowledge of R(¢).
The variation of the radius of the moving boundary may be determined as follows. It is known [6] that the
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volume of a liquid flowing through a closed surface (4wr?) is equal to the change in volume per unit time, i.e.
dV/di = 4wr®v(r, ), where v is the second function in (1.5). Integrating from 0 to ¢ and transferring to the
moving boundary, we obtain a cubic equation:

[R? (t)?;1 re'le [S’%,(g)dH. § § (&) dt dt]r:mt) (1.7)
0 o0

In inverse problems the function fin (1.7) is known.
An arbitrary function f can be approximated in various ways [3]. Let

. - 0, t<x
P(r,t):Ae"a;xG , A o == t, :t___._.’l..._]l’ — ={
1 o (B1) o == const, §&; p Oy (¢t — 1) 5, t>e
(o is the unit discontinuous function of zero order). Then in view of (1.5)-(1.7) we obtain the formulas
r 4 (1 1.
Pirt) = -4 ™o, @) v(rn) = {7 ++ =) e—ai} (1.8)
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In the general case of boundaries whose motion is governed by arbitrary laws and an arbitrary function f, the
latter is conveniently approximated by a Lagrange polynomial of degree m:

f=Y 48" A4, =const (1.11)

Throughout this note, unless otherwise stated, summation is performed over m from O to infinity. The
number m of interpolation points (exact values of the function) may be as large as desired [7].

The sequence of calculations in solving inverse problems is as follows. Use formulas (1.7) and (1.10) to
determine the change in the radius of the moving boundary, and formulas (1.6) and (1.9) to determine the
values of the unknown functions on the boundary. The values of these functions at other points may then be
determined by using (1.5) and (1.8).

The solutions thus computed for the wave equation with moving boundaries, i.e. formulas (1.1)~(1.4), may
be used to describe the expansion of a sphere in a compressible medium. Here the function P(R(z), ¢) has to be
computed taking into account the non-linear term of the Cauchy-Lagrange integral 0.5p¢,° [8]. Substitution of
the solutions (1.5), (1.6}, (1.8) and (1.9) into the wave equation makes its left-hand side vanish; as a— =, these
formulas reduce to known solutions for an incompressible medium. Indeed, differentiating Eq. (1.7) twice and
letting a— %, we obtain the well-known formula P— Py = pr"1(2RR?+ R*R) for the point r,. They can be
used to solve the direct and inverse problems.

As to the cubic equation (1.7) and the similar equation (1.10) [and the third equation of (2.3) below], these
can be solved, e.g. by successive approximations [3]. A good choice for the first approximation is the value
computed as @— o or for the preceding instant of time. The formulas possess favourable convergence
properties and so one can compute R(¢) to any desired accuracy.

2. NON-LINEAR ADDITIONAL CONDITION

Consider the condition
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1
Py =—p(o+ 59|, @.1)
Using expansion (1.11) with conditions (1.5)—(1.7), we can write
r _ n
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We will write condition (2.1) in the form
LU I S I m Am H}}“
peo=— Y —o{a [ Y ann+ YT @4

The solution of the problem may be reduced to solving a single algebraic equation. We will compute A, when
the solution, approximated by the Lagrange polynomial Ao (£;), is a straight line at the point r = r; for time ¢,.
This is the time of arrival of the wave at the point r;. From (2.4) we obtain a quadratic equation for Ay, the
solution of which gives

1 o1 2 P(r,f) 1 ri—ry
AOZTC].———{_—V(ZCI)— a0 AT e =T £E=0 (2.3)

We enlarge the time interval by a certain quantity Ar and find the solution, approximated by a Lagrange
polynomial Ag+ A, £, which passes through ¢, and a second point t; = t, + At. Then, by (2.1),

1
P(rint1) = 4y + Af —ca {[——- (Ay & AE) + Aok + 5 gz]} ca = gy (2.6)

The quantity P is known by assumption and A, is known from (2.5). Thus A; is found by solving the
quadratic equation (2.6).

Continuing in this way, we can find the necessary number of coefficients of the Lagrange polynomial. The
formula for the mth coefficient will be

1 (2cac5ca — E1™) { 1 (2cacscs — E™) ]2 cq — Caca? }%
A== ET T el L @7
‘ . m-1 1 rL—rg
cg=—P(rit) - dg+ AL +... + 4, E"T, = 2rip ! §1=t"—’_’T—
m—1 m—1
ry 3\ w1 r
ey = - )ﬂ" Amgm + )‘_, o 1 §m+1 e = TE;" — + I §m+1
m=p m=0

As we see, the solution of a problem with a non-linear additional condition (2.1), where the boundary is
moving at an arbitrary velocity, has been reduced to computations with formulas of type (2.7). Knowing the
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coefficients A,, , we can then use (2.2), (2.3) to determine the unknown functions at the moving boundaries and
at any other points, as well as the parameters of the motion of the boundary.

The solutions of the inverse problem for the wave equation with non-linear conditions (2.1) in domains with
moving boundaries may be used, e.g. to solve problems that arise when the behaviour of expanding cavities in
compressible media has to be controlled [3].

3. EXAMPLE

Consider the problem in Sec. 2. Figure 1 shows the results of computations, carried out by the method of
characteristics [3, 9], for the system of equations of motion, continuity and state for iso-entropic processes in
Tait’s form:

v —vor 4 p 1P, =0, p;+ (pv) + (v —1)pv=0, (P-+ B)Y(P,+ B) = (plpy)" 3.1

with the appropriate boundary and initial conditions (B and n are constants and v is the symmetry exponent).
The law of expansion of the sphere is v(R(t),t) = 350exp(—10°t), ro = 10> m, the radius R(¢) and the
pressure at the moving boundary and at the point r; = 0.08 m in the wave zone are represented by curves 1, 2,
3, respectively.

Using formula (2.7) and successively determining the coefficients of the Lagrange polynomial, we first
determine Ay, relying on the known values of P(ry,t) (curve3) at p=102 kgs¥m*, a=1500 ms,
t=52.7-55.7x107% s, and then go on to find further coefficients A,: Ao=49.46; A;=3.56X 104
Ay = 3.46 X 1012; A; = —6.355 x 10'°,

The other unknown functions are now determined using (2.2) and (2.3). The computed values of R(t) and
P(R(t),t) are represented by solid circles and the values computed by the known formula P— Py = p(3/2
R?+ RR) by open circles. Such results cannot be obtained by other methods; the method used in [1] is not
easily applicable to inverse problems.

The satisfactory agreement between the results of different computations indicates that the approach
proposed above is indeed capable of dealing with this type of problem.
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A NON-AXISYMMETRIC CONTACT PROBLEM IN THE CASE
OF A NORMAL LOAD APPLIED OUTSIDE THE AREA OF
CONTACTY

V. 1. Mossakovski and YE. V. PosHivaLovA

Dnepropetrovsk

(Received 11 July 1990)

1. A ForMuLA describing the effect of a load acting outside a circular stamp in a plane is known [1]. Below we
propose a novel approach to the study of the pressure under a non-axisymmetric plane stamp when normal
forces are applied to the free surface of an elastic half-space. The approach includes the method, proposed by
Mossakovskii, of reducing the three-dimensional problem of potential theory to a plane problem. The main
merit of this method, as compared with that in [2] based on the Sommerfeld method, is the possibility of
constructing effective numerical algorithms, since any subsequent approximation can be constructed inde-
pndently of the preceding one, by adding some supplementary terms. The problem in question is reduced, in
the final analysis, to a system of plane problems of potential theory whose boundary conditions contain
trigonometric polynomials with unknown coefficients, which can be determined from the condition that the
solution is regular within the area of contact.

Let a normal force R be applied to the surface of an elastic half-space outside the area of contact at the point
£, m. As a result, additional pressure and normal displacement occur under the stamp.

We will assume that the normal displacement of the stamp W (p, ) is identical with the displacement of the
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